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We study the critical point in the QCD phase diagram in the Nambu-Jona-Lasino (NJL) model
by including a scalar-vector coupled interaction. We find that varying the strength of this inter-
action, which has no effect on the vacuum properties of QCD, can significantly affect the location
of the critical point in the QCD phase diagram, particularly the value of the cirtical temperature.
This provides a convenient way to use the NJL-based transport or hydrodynamic model to extract
information about the QCD phase diagram from relativistic heavy-ion collisions.
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I. INTRODUCTION
Studying the QCD phase structure is among the most
important goals of ongoing experiments on heavy-ion col-
lisions [1–3]. By changing the beam energy and select-
ing different system sizes and the rapidities of measured
particles, it is possible to probe different regions of the
QCD phase diagram, particularly the critical endpoint
(CEP) [4] on the first-order phase transition line. To
make this possible requires, however, versatile dynamic
models to describe the expansion of created hot dense
matter with a flexible equation of state that can have
the critical point at varying temperatures (T ) and baryon
chemical potentials (µB) in the QCD phase diagram [5–
15].
At zero and small baryon chemical potentials, the
lattice quantum chromodynamics (LQCD) [16–18] has
shown that the quark-gluon plasma (QGP) to hadronic
matter phase transition is a smooth crossover. Although
it is not yet possible for the lattice QCD to study the
quark-hadron phase transition at high baryon chemical
potential due to the fermion sign problem. Studies based
on effective theories have suggested that the phase tran-
sition is a first-order one at large baryon chemical poten-
tial [4, 19–25], indicating the existence of a CEP on the
first-order phase transition line in the µB − T plane of
the QCD phase diagram. However, its predicted location
has large uncertainties and even its existence remains un-
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clear [23].
Among the effective models for studying the QCD
phase diagram at finite baryon chemical potential, a fre-
quently used one is the Nambu-Jona-Lasinio model [26,
27]. Formulated in terms of quark degrees of free-
dom [28, 29], this model allows the description of chiral
phase transition at both finite temperature and chemi-
cal potential [30] besides providing a framework to de-
scribe hadronic systems in the vacuum based on dynam-
ical chiral symmetry breaking and its restoration [31–
33]. The improved NJL model with the Polyakov-
loop (PNJL) also makes it possible to describe the
confinement-deconfinement phase transition of the quark
matter [20, 34–40]. The parameters in the NJL model
and the PNJL model are largely constrained by the vac-
uum properties of QCD and the known chiral dynamics
in hadron systems at zero temperature. The predicted
temperature of the critical point in the NJL model varies
from 40 to 80 MeV [23, 30], while its value in the PNJL
model can be larger than 100 MeV [40, 41]. For the pur-
pose of locating the critical point via comparing model
calculations with the experimental data from heavy-ion
collisions, it will be useful to extend the NJL-type models
to further expand the region in the µB − T plane where
possible locations of the critical point can be accommo-
dated.
Although a repulsive vector interaction can be included
in the NJL or PNJL model to change the critical tem-
perature of the chiral and/or deconfinement phase tran-
sition [20], it, however, leads to a decrease of the critical
temperature, making the deviation from the LQCD re-
sults even larger [42]. Another way to extend the NJL
model is to include higher-order multi-quark interactions.
Besides the six-quark interaction term from the ’t Hooft
determinant interaction that breaks the UA(1) symme-
2try [43], the eight-quark interactions including scalar-
scalar, vector-vector, and scalar-vector coupled interac-
tion terms have also been considered [44–46]. These
higher-order interactions are produced from quantum ef-
fects in the high momentum region of the nonperturba-
tive renormalization group calculation [47]. Since the at-
tractive scalar-scalar coupled interaction affects the QCD
vacuum properties, its strength is constrained and can
not be arbitrarily changed to modify the location of the
critical point. Although the repulsive vector-vector cou-
pled interaction does not affect the QCD vacuum prop-
erties, it always decreases the critical temperature of
baryon-rich quark matter, similar to the effect due to
the vector interaction. For the scalar-vector coupled in-
teraction, it is known to be important for reproducing
the nuclear saturation properties when using the NJL-
type model for nuclear matter [48]. As to its applica-
tion to the quark-hadron phase transition [49], it turns
out to be a good candidate because it has no effects on
the QCD vacuum properties, and more importantly, its
strength can affect the location of the critical point as to
be shown below. By tuning the coupling constant of the
scalar-vector coupled interaction, we can easily change
the location of the critical point in the phase diagram
from low to very high temperatures. These features of
the scalar-vector coupled interaction term were not fully
appreciated in previous studies [44–46].
In the present work, we first calculate the phase di-
agram from the two-flavor NJL model by including the
scalar-vector coupled interaction among quarks. We then
extend the calculations to the three-flavor case and also
to the PNJL model to study in detail its effect on the
location of the critical point in the QCD phase diagram.
II. THE SCALAR-VECTOR COUPLED
INTERACTION IN THE (P)NJL MODEL
A. The two-flavor NJL model
We begin by considering the two-flavor NJL model that
is usually described by the following Lagrangian den-
sity [30],
L
SU(2)
NJL = L0 + LS + LSV, (1)
with
L0 = ψ¯(iγ
µ∂µ − mˆ)ψ,
LS = GS [(ψ¯ψ)
2 + (ψ¯iγ5~τψ)
2],
LSV = GSV [(ψ¯ψ)
2 + (ψ¯iγ5~τψ)
2]
×[(ψ¯γµψ)2 + (ψ¯γ5γ
µ~τψ)2]. (2)
In the above, ψ = (u, d)T represents the 2-flavor quark
fields, mˆ = diag(mu,md) is the current quark mass ma-
trix, γµ and γ5 = iγ0γ1γ2γ3 are Dirac matrices, and ~τ =
(τ1, τ2, τ3) is the Pauli matrices in the flavor space. The
Lagrangian densities L0, LS, and LSV are, respectively,
for the free quarks and their scalar and pseudoscalar
interactions with the coupling constant GS as well as
the scalar-vector, scalar-axial vector, pseudoscalar-vector
and pseudoscalar-axial vector coupled interactions with
the coupling constant GSV . We note that the sign of the
GSV term in Eq. (2) is the same as the original one in-
troduced in Ref. [48], which is opposite to that used in
Refs. [44, 49].
As in most studies using the NJL model, we adopt the
mean-field approximation [50] to linearize the model by
introducing the following substitutions,
(ψ¯Γiψ)
2 = 2ψ¯Γiψ〈ψ¯Γiψ〉 − 〈ψ¯Γiψ〉
2
(ψ¯Γiψψ¯Γjψ)
2 = 〈ψ¯Γiψ〉
2(2ψ¯Γjψ〈ψ¯Γjψ〉)
+〈ψ¯Γjψ〉
2(2ψ¯Γiψ〈ψ¯Γiψ〉)
−3〈ψ¯Γiψ〉
2〈ψ¯Γjψ〉
2, (3)
where Γ = {1, iγ5~τ , γµ, γ5γµ} and the angular bracket de-
notes the expectation value from the quantum-statistical
average. Due to the parity symmetry in a static quark
matter, one has 〈ψ¯γkψ〉 = 〈ψ¯γ5~τψ〉 = 〈ψ¯γ5γ
µψ〉 = 0,
and the Lagrangian density can then be rewritten as
L
SU(2)
NJL = u¯(γ
µi∂uµ −Mu)u+ d¯(γ
µi∂dµ −Md)d
+2GSV (ρu + ρd)(φu + φd)
2(u¯γ0u+ d¯γ0d)
−GS(φu + φd)
2 − 3GSV (φu + φd)
2(ρu + ρd), (4)
In the above, Mu and Md are the in-medium effective
masses of u and d quarks, respectively, given by
Mu = mu − 2GS(φu + φd)
− 2GSV (ρu + ρd)
2(φu + φd),
Md = md − 2GS(φu + φd)
− 2GSV (ρu + ρd)
2(φu + φd), (5)
with φu = 〈u¯u〉 and φd = 〈d¯d〉 being the u and d quark
condensates, respectively, and ρu and ρd denoting the net
u and d quark number densities, respectively.
The thermodynamic properties of a two-favour quark
matter are determined by the partition function Z =
Tr[exp[−β(Hˆ−µNˆ)]], where β = 1/T and Hˆ are, respec-
tively, the inverse of the temperature T and the Hamilto-
nian operator, and µ and Nˆ are, respectively, the chem-
ical potential and corresponding conserved charge num-
ber operator. The thermodynamic grand potential of the
system is then given by
Ω
SU(2)
NJL = −
1
βV
lnZ
= GS(φu + φd)
2 + 3GSV (φu + φd)
2(ρu + ρd)
−2Nc
∑
i=u,d
∫
d3p
(2π)3
Ei
−2T
∑
i=u,d
∫
d3p
(2π)3
(z+(Ei) + z
−(Ei)), (6)
3TABLE I: Parameters in the two-flavor NJL model [39, 40].
Λ [MeV] GSΛ
2 mu,d [MeV] Mu,d [MeV] 〈u¯u〉
1/3 [MeV]
651 2.135 5.5 325.1 -251.3
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FIG. 1: (Color online) Pressure as a function of net quark
number density at temperature T = 36 MeV from the two-
flavor NJL model for different values of the scalar-vector cou-
pling constant GSV and with the values of other parameters
given in Table I.
where V is volume of the system, Nc = 3 is the number
of colors, Ei = (m
2
i + p
2)1/2, and
z±(Ei) = Ncln[1 + e
−β(Ei∓µ
∗
i
)]. (7)
with the effective chemical potentials,
µ∗u = µu + 2GSV (ρu + ρd)(φu + φd)
2,
µ∗d = µd + 2GSV (ρu + ρd)(φu + φd)
2. (8)
The quark condensate φi and the net quark number
density ρi can be determined by minimizing the grand
potential, i.e.,
∂Ω
SU(2)
NJL
∂φi
=
∂Ω
SU(2)
NJL
∂ρi
= 0, (9)
and they are
φi = 2Nc
∫
d3p
(2π)3
Mi
Ei
(n+i + n
−
i − 1), (10)
ρi = 2Nc
∫
d3p
(2π)3
(n+i − n
−
i ), (11)
with n±i = [e
β(Ei∓µ
∗
i
) + 1]−1. Because the NJL model
is unrenormalizable, a momentum cutoff Λ is needed
in evaluating the momentum integral in Eqs. (10) and
(11). In the present study, we employ the parameters
mu = md = 5.5 MeV, GSΛ
2 = 2.135, and a cut-off
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FIG. 2: (Color online) Coexistence lines in the temperature
and net quark number density plane from the two-flavor NJL
model for different values of the scalar-vector coupling con-
stant GSV and with the values of other parameters given in
Table I. The solid circles denote corresponding critical points.
Λ = 651 MeV [39, 40], which are summarized in Table I
together with the quark in-medium mass and condensate,
to study the QCD phase diagram with various values for
GSV .
With the quark condensates and net quark density
given in the above, one can see from Eq. (5) and Eq. (8)
that the GSV term affects the effective masses of quarks
and their effective chemical potentials in a quark matter.
Although its effects depend on the quark condensates,
which have negative values and increase with decreasing
quark density, they also depend on the quark density. As
a result, including the GSV term in the NJL model does
not affect its description of QCD vacuum properties at
zero baryon density, and treating the value of GSV as a
free parameter allows one to obtain different scenarios for
the properties of quark matter.
The effects of the GSV term can be qualitatively un-
derstood for quark matter at low density. According to
Eq.(8), a negative GSV resembles a vector interaction in
the NJL model [30], which induces a repulsive interaction
among quarks or anti-quarks and an attractive interac-
tion between quark and anti-quark. Compared to the
scalar coupled term GS in the NJL model, which reduces
the quark masses in a medium because of the reduction of
quark condensates, a negativeGSV counteracts this effect
as can be seen from Eq.(5). With its quadratic depen-
dence on the quark density, the effect of the GSV term
on the quark in-medium masses at low quark densities
is, however, significantly reduced with increasing quark
density, thus resulting in an effectively attractive interac-
tion among quarks. Since the repulsive quark interaction
due to a negative GSV in the vector channel turns out to
be stronger than the attractive quark interaction in the
scalar channel for quark matter at low densities, the net
effect of a negative GSV is repulsive. In quark matter at
very high densities, where the chiral symmetry is largely
4restored and the quark condensates are thus close to zero,
the effects of the GSV term become less important, which
is different from the usual vector interaction in the NJL
model [30] that gets stronger at high densities. For quark
matter at intermediate densities, the effects of the GSV
term are, however, more complex, and whether this leads
to a repulsive or an attractive quark interaction depends
on the value of the quark density. For a positive GSV ,
its effects on the properties of quark matter are opposite
to those of a negative GSV .
The effects of the GSV term can be quantitatively un-
derstood from the pressure of a quark matter, which is
given by p = −Ω
SU(2)
NJL , as a function of the net quark
number density. In Fig. 1, we show the results for quark
matter at temperature T = 36 MeV for different values
of the scalar-vector coupling constant GSV . The tem-
perature T = 36 MeV is the critical temperature in the
two-flavor NJL model for GSV = 0. It is seen that a
positive GSV = 100Λ
−8 hardens the equation of state at
net quark number density of around 0.9 fm−3, while a
negative GSV = -100Λ
−8 has the opposite effects. As
a result, a negative GSV leads to a higher critical tem-
perature while a positive one leads to a lower critical
temperature.
Figure 2 shows the coexistence line in the tempera-
ture and net quark number density plane for different
values of GSV . For points on the coexistence line that
have same temperature, they are obtained by requiring
equal pressure and chemical potential for the two phases
with different quark number densities. The region below
the coexistence line is unstable with regard to the phase
separation. The blue solid line is the result calculated
with GSV = 0, i.e., the default NJL model, and the cor-
responding critical point is located at temperature T ≈
36 MeV and net quark number density ρ ≈ 0.64 fm−3.
Results obtained with a scalar-vector coupled interaction
of GSV = -200 Λ
−8 are shown by the dashed line, and
the critical point in this case shifts to the temperature
T ≈ 105.5 MeV and net quark density ρ ≈ 0.79 fm −3.
Changing to a scalar-vector coupled interaction ofGSV =
100 Λ−8, reduces the temperature and net quark num-
ber density of the critical point to T ≈ 14 MeV and ρ ≈
0.32 fm −3, respectively. Hence, the critical tempera-
ture can be easily increased or decreased by decreasing
or increasing the value of GSV . For later comparisons
of results from the three-flavor NJL model and the NJL
model with the Polyakov loop, we also show in Fig. 3
by the red line the locations of the critical point in the
temperature and baryon chemical potential plane from
the two-flavor NJL model with various values of GSV .
Although it is not possible to make the critical point ap-
proach the µB = 0 axis by further reducing the value of
GSV because its effects on the effective mass and chem-
ical potential vanish on this axis, the range of values for
the critical temperature shown in Fig. 2 by varying GSV
is already large enough to cover the region that can be
probed in realistic heavy-ion collisions.
TABLE II: Parameters in the three-flavor NJL model [30, 39,
40].
Λ [MeV] GSΛ
2 KΛ5 mu,d [MeV] ms [MeV]
631.4 1.835 9.29 5.5 135.7
Mu,d [MeV] Ms [MeV] 〈u¯u〉
1/3 [MeV] 〈s¯s〉1/3 [MeV]
335 527 -246.9 -267
B. The three-flavor NJL model
The three-flavor NJL model includes also the strange
quark, which plays an important role in the partonic dy-
namic of heavy-ion collisions at high collision energies,
The Lagrangian density in this model is given by [30]
L
SU(3)
NJL = L0 + LS + LSV + Ldet, (12)
with
L0 = ψ¯(iγ
µ∂µ − mˆ)ψ,
LS = GS
8∑
a=0
[(ψ¯λaψ)2 + (ψ¯iγ5λ
aψ)2],
Ldet = −K[detψ¯(1 + γ5)ψ + detψ¯(1− γ5)ψ], (13)
where ψ = (u, d, s)T now represents the 3-flavor quark
fields and mˆ = diag(mu,md,ms) is the corresponding
current quark mass matrix. In the above, λa(a=1,...,8)
with λ0 being the identity matrix multiplied by
√
2/3
are the Gell-Mann matrices. The Lagrangian density
Ldet is the Kobayashi-Maskawa-t’Hooft (KMT) interac-
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FIG. 3: (Color online) Location of the critical point in two-
flavor and three-flavor NJL models and PNJL models with the
scalar-vector coupled interaction in the plane of temperature
T versus baryon chemical potential µB . The lines are obtained
by changing the value of the coupling constantGSV with other
parameters in the two-flavor and three-flavor (P)NJL models
given in Table I and Table II, respectively.
5tion [43] that breaks U(1)A symmetry with ‘det’ denot-
ing the determinant in comthe flavor space [51], i.e.,
det(ψ¯Γψ) =
∑
i,j,k(u¯Γqi)(d¯Γqj)(s¯Γqk). This term gives
rise to six-point interactions in three flavors and is re-
sponsible for the flavor mixing effect. We assume in the
present study that only u and d quarks can have the
scalar-vector coupled interaction, so the term LSV has
the same form as in Eq. (2).
In the mean-field approximation [50], the gap equa-
tions in the three-flavor NJL model for the quark in-
medium effective masses including that (Ms) of the
strange quark are given by
Mu = mu − 4GSφu + 2Kφdφs
−2GSV (ρu + ρd)
2(φu + φd),
Md = md − 4GSφd + 2Kφuφs
−2GSV (ρu + ρd)
2(φu + φd),
Ms = ms − 4GSφs + 2Kφuφd. (14)
Besides the light quark condensates φu and φd as in the
two-flavor NJL model, there is also the strange quark
condensate given by
φs = 2Nc
∫
d3p
(2π)3
Ms
Es
(n+s + n
−
s − 1), (15)
where n±s = [e
β(Es∓µs) + 1]−1 with Es = (M
2
s + p
2)1/2
and µs being the the strange quark chemical potential.
The thermodynamic potential of the system can then be
written as
Ω
SU(3)
NJL = 2GS(φ
2
u + φ
2
d + φ
2
s)
+ 3GSV (φu + φd)
2(ρu + ρd)
− 4Kφuφdφs − 2Nc
∑
i=u,d,s
∫ Λ
0
d3p
(2π)3
Ei
− 2T
∑
i=u,d,s
∫
d3p
(2π)3
(z+(Ei) + z
−(Ei)).(16)
To calculate the thermodynamic quantities of a quark
matter in the three-flavor NJL model, we employ the
parameters mu = md = 5.5 MeV, ms = 135.7 MeV,
GSΛ
2 = 1.835, KΛ5 = 9.29, and a cut-off Λ =
631.4 MeV [30], which are summarized in Table II to-
gether with the quark in-medium masses and conden-
sates. The locations of the critical point in the tempera-
ture and baryon chemical obtained from the three-flavor
NJL model with the scalar-vector coupled interaction are
shown in Fig. 3 by the short dashed line. This line is al-
most identical to the solid line from the two-flavor NJL
model except that the critical point in the three-flavor
case moves to a higher temperature and smaller baryon
chemical potential compared to the two-flavor case when
the same GSV is used in the two calculations. The main
reason for this similarity is because the parameters in the
two-flavor and three flavor NJL models (see Tables I and
II) give similar properties of the QCD vacuum, e.g., the
quark condensates and effective masses in vacuum. Re-
sults from these two models will not be identical if one
uses different values for the parameters [30].
In principle, one can also include the scalar-vector cou-
pled interactions for strange quarks. In this case, the
dependence of the critical temperature on the value of
GSV becomes much weaker than the results shown in the
above, and this is because the in-medium mass of strange
quark is much larger than the light quark masses, which
makes it much harder to reach the chiral limit like the
light quarks. Since the purpose of present study is to ob-
tain a flexible critical point in the QCD phase diagram
by tuning the strength of the scalar-vector coupled inter-
action, we have thus neglected the scalar-vector coupled
interaction of the strange quark in the three-flavor NJL
and PNJL models.
C. The NJL model with Polyakov loop
To include also the confinement-deconfinement phase
transition, a constant temporal background gauge field
representing the Polyakov loops Φ and Φ¯ has been added
to the NJL model [20]. This so-called PNJL model
changes the NJL Lagrangian density to
LPNJL = ψ¯(iγ
µDµ − mˆ)ψ + LS + LSV
− U(Φ[A], Φ¯[A], T ), (17)
where the covariant derivative is defined as Dµ = ∂µ −
iAµ with Aµ = gAµa(x)λa/2 = δ
µ
0A0 being the SU(3)
gluon field in the Polyakov gauge and g being the QCD
strong coupling constant. The effective potential U for
the Polyakov loops is given by
U(Φ, Φ¯, T )
T 4
= −
1
2
a(T )Φ¯Φ +
b(T )ln[1− 6Φ¯Φ + 4(Φ¯3 +Φ3)− 3(Φ¯Φ)2], (18)
with
a(T ) = a0 + a1
(
T0
T
)
+ a2
(
T0
T
)2
,
b(T ) = b3
(
T0
T
)3
, (19)
where the parameters a0 = 3.51, a1 = −2.47, a2 = 15.2,
and b3 = −1.75 are fitted to the results from the LQCD
calculations of the thermodynamic properties of a pure
gluon system [39, 40]. For the temperature parameter
T0, its value is 270 MeV, corresponding to the critical
temperature for the deconfinement phase transition of a
pure gluon matter at zero baryon chemical potential [65].
The inclusion of quarks leads to a smaller value of T0 =
210 MeV.
The grand potential of a quark matter at finite tem-
perature and quark baryon potential in the PNJL model
has a similar expression to Eq. (6) for the two-flavor or
6 LQCD (Excluded Region)
 Dyson-Schwinger Equation
 Functional Method  
 Three-flavor NJLsv 
 Three-flavor PNJLsv 
 Scalar-vector coupling constant  GSV=0
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B>2T (Karsch16)
FIG. 4: (Color online) Comparison of the location of the critical point in the plane of temperature T versus baryon chemical
potential µB from the three-flavor NJL (dash line) and PNJL (dotted line) models by varying the value of the scalar-vector
coupling constant GSV , with red solid circles denoting that obtained with GSV = 0, with predictions from LQCD [52–58],
Dyson-Schwinger equation [59–62], and the functional renormalization method [63, 64].
Eq. (16) for the three-flavor NJL model except the ex-
pression in Eq. (7) is replaced by
z±Φ = ln[1 + 3(Φ¯ + Φe
−β(Ei∓µ
∗
i
))e−β(Ei∓µ
∗
i
)
+e−3β(Ei∓µ
∗
i
)]. (20)
As in the NJL model, the quark condensate and quark
density are obtained by minimizing the grand potential,
i.e.,
∂Ω
SU(3)
PNJL
∂φi
=
∂Ω
SU(3)
PNJL
∂ρi
= 0. Their expressions are simi-
lar to those given in Eqs.(10) and (11) except the color-
averaged equilibrium quark occupation numbers n±i are
replaced by
n±Φ =
Φ¯e2β(E∓µ
∗) + 2Φeβ(E∓µ
∗) + 1
e3β(E∓µ∗) + 3Φ¯e2β(E∓µ∗) + 3Φeβ(E∓µ∗) + 1
.
(21)
From the above expression, one can see that the quark
distribution retains the normal Fermi-Dirac form at high
temperature when the Polyakov loops are Φ = Φ¯ = 1,
while it becomes the Fermi-Dirac form with a reduced
temperature T/3 at low temperature when Φ = Φ¯ = 0.
Hence, the critical temperature in the PNJL model is
generally higher than that in the NJL model as the
quarks in PNJL model experience a lower effective tem-
perature. Note that the PNJL model at zero temperature
is identical to the NJL model.
Minimizing the grand potential with respect to the
Polyakov loops, i.e.,
∂Ω
SU(3)
PNJL
∂Φ =
∂Ω
SU(3)
PNJL
∂Φ¯
= 0, leads to the
following mean-field equations for Φ and Φ¯:
∂ΦU
= 6T
∑
i=u,d,s
∫
d3p
(2π)3
[
e−β(Ei−µ
∗
i
)
exp(z+Φ (Ei))
+
e−2β(Ei+µ
∗
i
)
exp(z−Φ (Ei))
]
,
∂Φ¯U
= 6T
∑
i=u,d,s
∫
d3p
(2π)3
[
e−2β(Ei−µ
∗
i
)
exp(z+Φ (Ei))
+
e−β(Ei+µ
∗
i
)
exp(z−Φ (Ei))
]
.
(22)
In Fig. 3, we show the locations of the critical point in
the plane of temperature and baryon chemical potential
obtained from both the two-flavor and the three-flavor
PNJL model with the inclusion of the quark scalar-vector
coupled interaction. As shown by the dashed line for the
two flavor PNJL model and the dash-dotted line for the
three-flavor NJL model, the effects of GSV are similar in
these two cases. We also see that the effect of GSV on the
critical chemical potential is smaller in the PNJL model
than in the NJL model for both the two-flavor and the
three-flavor case.
We further compare in Fig. 4 the critical point ob-
7tained from the three-flavor NJL (dash line) and PNJL
(dotted line) models by varying the value of GSV , with
solid circles denoting those obtained with GSV = 0,
with selected predictions from LQCD [52–58], Dyson-
Schwinger equation [59–62], and the functional renormal-
ization method [63, 64]. Predictions from other effective
methods can be found in Refs. [23] and references therein.
It is seen that with sufficiently attractive scalar-vector
coupled interaction, the locations of the critical point in
the NJL and PNJL models can be brought closer to those
predicted from these first principle approaches.
III. CONCLUSIONS
Based on the NJL model with both two flavors and
three flavors as well as with the inclusion of Polyakov
loops, we have studied the effect of the eight-fermion
scalar-vector coupled interaction, which has no effects on
the QCD vacuum properties, on the critical endpoint of
the first-order QCD phase transition line in the QCD
phase diagram. We have found that the location of the
critical point in the temperature and baryon chemical
potential plane is extremely sensitive to the strength of
this interaction and can be easily shifted by changing its
value. This flexible dependence of the quark equation of
state due to the quark scalar-vector coupled interaction
is very useful for locating the phase boundary in QCD
phase diagram by comparing the experimental data with
results from transport model simulations [66] or hydro-
dynamic calculations based on equations of states from
such generalized NJL and PNJL models.
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